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Identi� cation Approach to Estimate Buckling Load
of Damaged Composite Plates
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Indian Institute of Technology, Bombay 400 076, India

The application of an indirect approach for prediction of buckling loads of laminated composite plates with
� aws or damage, based on the identi� cation of the � exibility in� uence function of the damaged plate through
experimentally measured modal vibration characteristics, is presented. The identi� ed � exibility in� uence function
is used in conjunction with an integral equation formulation to predict the buckling load of the damaged plate.
Experiments on laminated composite plates with simulated delamination, impact damage, local step changes in
thickness, and cutout have been carried out. The predicted buckling loads and modes are compared with buckling
loads obtained from the actual buckling tests of these plates. The close matching between the predictions and test
results shows that the lateral stiffness degradations caused by the presence of � aws and damage can be effectively
captured using the identi� cation technique.

Introduction

T HE elastic stability of laminated composite structural compo-
nents is an important issue in the design of modern aerospace

primarystructuresusingadvanced� ber-reinforcedplasticmaterials.
During manufacture and service and due to aging and environmen-
tal effects, composite laminates are susceptibleto � aws and damage
such as voids, porosity, delamination,matrix cracking, � ber break-
age, etc. These may not necessarily be visible or easily detectable.
In criticalapplications,the understandingof the in� uence of macro-
scopic � aws and damage on the strength and stiffness of composite
laminates forms a very important aspect of their damage-tolerant
design. In the case of composite panels designed for compressive
loads, such � aws and damage may cause a degradation of lateral
stiffness of the panel and thus of its buckling strength. The theo-
retical prediction of buckling load requires a complete knowledge
of the geometrical and material properties and the boundary condi-
tions speci� c to the theoretical model being used. However, when
some or all of these parameters are dif� cult to specify completely,
it is dif� cult to predict the load theoretically. With isotropic mate-
rials, uncertainties may arise, for example, in the determination of
boundary conditions. With composite materials, the uncertainties
due to anisotropy, inherent nonhomogeneity, and coupling effects
introduced by the laminate construction have added a dimension
to the dif� culty of prediction. In the presence of � aws and damage,
theoreticalpredictionis further complicatedby the need to correctly
model the effect of these � aws on the lateral stiffness. Thus, in any
of the aforementioned circumstances, buckling load prediction by
using experimentalmethods may be a more reliable alternative.

A potentiallyattractivealternativeto conventionalor direct buck-
ling tests could be an indirect route based on an identi� cation of the
effect of � aws on the lateral stiffness distribution through experi-
mental means, followed by a computation of the buckling strength
using the identi� ed stiffness distribution. Such an indirect or a
system identi� cation approach may obviate the need for explicit
knowledge of the structural properties, the modeling of the damage
state, and even the need for actual loading. Some indirect meth-
ods for buckling load prediction have been investigated by earlier
researchers.1 It would be advantageousto investigatethe application
of these methods to damaged structures.
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The aim of this study is to examine the utility of an identi� cation
approach for characterization of stiffness degradations caused by
simulated� aws and damage in laminatedcompositeplates based on
measured vibration characteristicsand to predict the buckling load
indirectly. Natural frequencies and mode shapes of the damaged
plates are determinedexperimentallyand are then used to construct
a � exibility in� uence function of the damaged plate. This in� uence
function is used in an integral formulation of the buckling problem
to evaluate the buckling load as an eigenvalue. The buckling load
predicted by such an identi� cation approach is compared with the
critical load experimentally determined from load-de� ection and
strainmeasurementsby the Southwellplot andstrainbifurcation.An
experimental study has been carried out on glass/epoxy plates both
without and with simulated � aws. Three types of simulateddamage
have been considered, namely, delamination, localized impact, and
local step variations in thickness.

Vibration Methods for Buckling Load Prediction
Basedon themathematicalsimilaritybetweenvibrationandbuck-

ling, several direct and indirectmethods of buckling load prediction
using the measured vibration characteristics have evolved over the
past few decades.1 Buckling loads can be directly predicted from
vibration frequency measurements of structures under axial loads
much lower than the critical load by extrapolation on the basis of
knowledge of the variation of natural frequencies with axial loads.
Though theoretically justi� ed, this method is dif� cult to implement
in practice especially in the case of structures like plates and shells
for various reasons.Foremost among them is the dissimilarityof the
fundamental mode of vibration and the buckling mode.2;3 Second,
the method becomes unreliable, even in the case of columns, due
to the errors in frequency measurements arising from the bending
curvatures caused by the axial compressive loads.4

The vibration method for indirect prediction of buckling load
involves determining the boundary conditions using vibration fre-
quencies and mode shapes and then predicting the buckling load
using an appropriate theoreticalmodel. The method was � rst estab-
lished for columns, and early work was in this direction.5;6 Later, it
was extended to stiffened shells where the effects of imperfections
and eccentricitiesof loadingwere also lumpedtogetherin thebound-
ary effects and taken into account by developingsuitable theoretical
models.7 Sweet et al.8 investigated the feasibility of the vibration
method for identi� cation of boundary conditions and prediction of
buckling loads of uniform beam columns by stochastic and deter-
ministic models. They presented a system identi� cation theory for
predictingbuckling loads from vibration frequenciesin terms of the
rotationaland translationalrestraintsat theendsof thebeamcolumn.

A general method that predicts the buckling load of beam and
plate structures with nonuniform material and stiffness properties
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and with arbitrary constraints at the ends has been proposed by
Baruch9 using an integral equation formulation.The use of integral
equations for formulating the buckling problem is well known and
has a long history.Based on the energyapproach,Baruch9 rederived
the integral equations of the buckling of beams and plates using a
bending in� uence function and the Maxwell–Betti reciprocal theo-
rem. In the case of plates, the integral equation can be stated as
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K .x; yI »; ´/ represents the transverse de� ection at (»; ´) due to
a unit force at (x; y), and @ K .x; yI »; ´/=@» is the rotation at
(»; ´) due to the unit force at (x; y). By the reciprocal theorem,
@ K .x; yI »; ´/=@» is also the de� ection at point (x; y) due to a unit
moment at (»; ´). Thus the de� ectionat point (x; y) due to a moment
of magnitude Nx .»; ´/.@w=@»/ d» d´ arising from the applied in-
plane load Nx is [@K .x; yI »; ´/=@» ]Nx .»; ´/.@w=@»/ d» d´. The
integral equation is obtained by summing over the surface of the
plate and including the similar terms arising from the other in-plane
loads Ny and Nx y . The kernel of this equation is directly related to
the � exibility in� uence function of the plate and can be found the-
oretically, numerically, and experimentally. Because K .x; yI »; ´/
satis� es the boundary conditions, their explicit knowledge is not
required. Once the kernel is known, the integral equation can be
solved using numerical techniques to calculate the buckling load.

Using the integral equation derived for beams, Segall and
Baruch10 predicted the buckling load of elastic columns. They used
the experimentallymeasured natural frequencies and modes to de-
termine the in� uence function of the column. The results compared
well with other static and dynamic tests performedon the same spec-
imens. The method was later extended by Segall and Springer11 to
plates.The accuracyof themethodwas demonstratedby testsonuni-
form aluminum and cross-ply graphite/epoxy plates. The accuracy
of the method obviously depends on the accuracy of the measured
frequencies and mode shapes.

Details of the Method
In the present work, the effect of � aws and damage in laminated

composite plates on their buckling loads is sought to be estimated
by identi� cation of the bending in� uence function. As stated ear-
lier, Eq. (1) can be used to obtain buckling loads if the in� uence
function is known. When the in� uence function is identi� ed us-
ing experimental data, a distinct advantage of this method is that it
does not require explicit modeling of the damage zone, as well as
boundary conditions and material properties of the plate, nor does
it require the application of axial loads.

The integral equation of buckling of a plate under uniform uni-
axial loading can be written as
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where Nx D ¸ is the applied load. Once the kernel K .x; yI »; ´/ is
known, Eq. (2) can be solved as an eigenvalueproblem. The lowest
eigenvalue of this equation is the buckling load of the plate. As
pointedout earlier, the kernel of the integral equation of buckling is
directly related to the � exibility in� uence function of the structure.

Determination of the Flexibility In� uence Function
The � exibility in� uence function, also known as Green’s func-

tion, can be obtained experimentally by measurements of static or
dynamic de� ections or rotations at various points on the structure
due to a concentratedstatic or dynamic force appliedone at a time at
these points. However, accurate measurements of static de� ections
and especially rotations are dif� cult when they are very small.

Alternately, the in� uence function can be constructed from the
modal vibration characteristics.With the advent of the fast Fourier
transform (FFT) and advances in signalprocessinghardware,vibra-

tion testing of structures has become much more convenient. The
kernel can be written in terms of the normal modes and vibration
frequencies of the plate12 as
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where ’k , NMk , and !k are, respectively,the kth normal mode shape,
generalized mass, and natural frequency of the plate. These can be
measured experimentally through modal analysis, and the kernel
can be approximatedby a � nite series of a few of the lowest modes
of the structure. The accuracy of the predicted buckling loads using
this approach is entirely dependent on the accuracy of the modal
analysis.

Note that the effect of any variations in elastic properties due to
nonuniform material distributions or geometry, the effect of actual
boundary conditions, and the lateral stiffness degradations caused
by the presence of a � aw or damage would automatically be taken
into account in the in� uence function of the damaged plate through
their effect on the natural frequencies, mode shapes, and general-
ized mass. The application of the method to the variable-stiffness
situationcreated by the presenceof damage and/or � aws has not yet
been examined.

Method of Solution
The experimentally measured in� uence function will be known

at discrete points on the plate. To solve the integral equation, a
numerical approach has therefore been adopted here. Because the
measurements are carried out at a limited number of points, the � rst
step is to determine the in� uence function values at a larger num-
ber of points by interpolationto improve the accuracy of numerical
computations. If the number of points at which the function is in-
terpolated is r , then the in� uence function can be constructed as a
square matrix of order (r £ r ). The derivative @ K .x; yI »; ´/=@» is
found by using the central difference scheme on the internal points
and the forward and backward difference schemes at the boundary
points. Similarly, the derivative (@w=@» ) can be written in terms of
the values of w through these different schemes. The integral can
then be evaluated by Simpson’s rule.

The matrix formof Eq. (2) for a uniformcompressiveforce N D ¸
can be written as

fY g D ¸[®]fY g .4/

where [®] D ¡[S][K0][D], where K0.r £ r / is the � nite difference
form of the derivative@ K .x; yI »; ´/=@» , D.r £ r/ is the � nite dif-
ference form of the operator @=@» , S.r £ r/ is the weighting ma-
trix of coef� cients of Simpson’s integration rule, and Y.r £ 1/ is
the column matrix of the de� ection of the plate. The homogeneous
equation (4) can be solvedfor the eigenvalues¸ and the eigenvectors
Y. The lowest eigenvalue ¸cr will give the buckling load. If the ap-
plied externalforce is nonuniform, then writing N .»; ´/ D ¸p.»; ´/,
where p.»; ´/ is a known function, buckling loads can be obtained
for this case also by including p.»; ´/ in the numerical integration.
The numerical algorithm and procedure for the solution of the in-
tegral equation was validated by using theoretical frequencies and
mode shapes of simply supported isotropic plates and comparing
the estimated load with the theoretical buckling load.

Details of the Experimental Work
The experimental work had two main components, namely, vi-

bration and bucklingexperiments.In the vibrationexperiments,nat-
ural frequencies and mode shapes were measured by carrying out
experimentalmodal analysis.In the bucklingexperiments,buckling
loadswere estimated by the Southwell plot based on load-de� ection
measurementsas well as by strain measurements.The experimental
setups and measurementsare described brie� y in the following sec-
tions. A detailed description of the experimental work is available
in Ref. 4.

Support and Loading Frame for Plates
To carry out the experiments on plates, a special frame was de-

signed to support the plate at its edges to load it in compression.
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Fig. 1 Support and loading frame for plates.

Figure 1 shows the details of this rectangular frame. The vertical
and horizontal posts of this frame were made as C sections to house
the components that give support to the plate. These posts were
made from steel bars with thick sections to make the frame mass
and rigidity high compared with the plates under test and to avoid
as far as possible an interactionbetween the modes of the plate and
thoseof the � xture.The frame was designedso that plates of various
thicknessesand aspect ratios could be accommodated. The vertical
posts could be shifted along the length of the bottomchannel to give
three aspectratios.The frame componentswereprecisionmachined,
the joints were made, and the frame was assembled to give a high
accuracyon the parallelismof the vertical and horizontalposts with
no looseness.The upper horizontalpost moved smoothly inside the
vertical supports.

Laminates of length 470–520 mm and width 420, 320, and
200 mm can be clamped in the frame using bars of rectangularcross
section of 30-mm width, placed on either side of the plate inside the
C section of the posts. The clamping pressure was provided by the
twin set of screws on each � ange of the C posts. To maintain ade-
quate and uniform pressureover the full length of each plate, a large
number of screws at close intervals were provided. Te� on® tapes
were inserted between the plate specimen and the clamping bars to
reduce friction so that the specimen is uniformly loaded. Plates of
thickness 1–5 mm can be clamped in the C posts of the � xture.

Experimental Modal Analysis
The impulse response technique was used for modal analysis of

plate structures.The modal analysis was based on measurements of
the accelerance transfer function through impact excitation and ac-
celerationresponsemeasurements.The impact excitationwas given
by a PCB Series 291B modally tuned impact hammer. The accel-
eration response was measured by a B&K Type 8307 miniature
accelerometer (mass less than 1 g) to minimize mass loading. Sig-
nal conditioning of the impulse force and acceleration signals was

achievedby usinga PCB 480D06voltageampli� er and a B&K Type
2635 charge ampli� er, respectively.The force and accelerationsig-
nals were input to the Iwatsu SM-2701 dual-channelFFT analyzer
for transfer function analysis.

Because thework involvedextensivemodalanalysisexperiments,
the FFT analyzer was linked to a personal computer through an
IEEE-488 interfacecard, and control programs were written for op-
eration, front panel settings, and data transfer. An interactivemodal
analysis software program was written to automatically control the
modal analysis experiment with user inputs taken for setting the
parameters and postprocessing the measured frequency response
functionsby the single-degree-of-freedom (SDOF) circle � t method
and computing the natural frequenciesand mode shapes from these
data. The system, software, and procedure for modal analysis were
validated through initial experiments on uniform isotropic free-free
plates and cantilever beams by comparison with theoretical results.

Specimen Preparation
The plate specimenswere made from glass/epoxy compositema-

terial. Laminates were made from plain-weave glass fabric (7 mil)
and epoxy resin CIBA LY556 with hardener HT972 using room-
temperature curing, which generally resulted in laminates with vol-
ume fractions in the range of 33–47%. A few laminates were also
made using high-temperaturecuring (with hardenerHT951), which
allowed a better squeezing out of excess resin, resulting in higher
volume fractions (55–60%). Thicknessvariationsfrom5–10% were
present in each cured laminate. For a laminate made using N num-
ber of fabric layers oriented such that the warp and � ll directions
were parallel to the plate edges, the resulting layup could be taken
to be equivalent to [0=90]N . The laminates were inspected using
backlighting for any visible large � aws, such as voids. While fabri-
cating the test specimens, the plate edges were carefully machined
by milling so that the two opposite edges were parallel to each other.
Table 1 describes the specimen in terms of its layup, its dimensions,
and the type of simulated damage. Some plate specimens were also
fabricated without introducing any � aw or damage. In Table 1, the
notation P is used for plates without � aws and/or damage, and the
notation DP is used for plates with simulated � aws and/or damage.
The variationof thickness in different laminateswith the same num-
ber of layers, seen in Table 1, was because of the difference in the
fabricationmethods used, resulting in different volume fractions as
describedearlier.The same reasonexplainsthe comparativelylower
thickness of the 16-layer laminates.

Three types of � aws and/or damage were simulated in the test
specimens. The � rst was delamination. The plate specimen DP1
was made by embedding a thin Te� on � lm between the layers at
the time of layup of the laminate. The size of the central midplane
delamination introduced into DP1 was about 20% of the plate test
area. The second type of � aw was simulated by impacting the lami-
nates. The specimen DP2 was made by impacting the plate P3 using
a guided drop-weight impact testing machine with a conical im-
pactor producing localized damage. However, the impactor at its
maximum energy produced only a small region of localized surface
damage around the contact point. To obtain an impact damage dis-
tributed over a larger region of the plate, a setup along with a steel
ball as the impactor was used. The steel ball, which was 3 in. in
diameter and weighed around 2 kg, was dropped from a height of
3 m on the plate DP3 at four close locations around its center to
producean overall damage zone of area 75 £ 75 mm, i.e., about 4%
of the plate area. To reduce the plate bending during the impact, the
plate specimen DP3 was clamped around a small area .5 £ 5 in.)
of the plate. Debonding and � ber breakage were observed in the
lowermost layers as a result of the impacts.

The third type of damageconsideredin this work was an idealized
form in which the material from a part of the plate was removed by
machining, giving rise to a step change in thickness. It represents
the case in which the material in the damaged region is assumed to
be totally ineffectivein load transferand stiffness contribution,such
as in the case of localizedextensivematrix crackingand � ber break-
age in some layers. Three specimens—DP4, DP5, and DP6—were
fabricated in this category. After the experiments on the impacted
specimen DP3 were completed, a cutout of about 5% of the area
(86 £ 80 mm) at the center of the plate was made by machining
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Table 1 Description of the plate test specimens

Simulated damage

Plate Layup Dimensions, mm Type Description

P1 Aluminum 410£ 360£ 1:60 —— ——
P2 [0=90]12 410£360 £ 2:08 —— ——
P3 [0=90]16 390£ 260£ 2:47 —— ——
P4 [§45]12 410£ 360£ 2:41 —— ——
DP1 [0=90]12 410£ 360£ 2:91 Delamination Central, midplane delamination

of 20% plate area
DP2 [0=90]16 390£ 260£ 2:47 Impact Central localized impact

using conical impactor
DP3 [0=90]12 410£ 360£ 2:53 Impact Central distributed impact

using steel ball impactor
over 4% area

DP4 [0=90]12 410£ 360£ 2:53 Cutout Central rectangular cutout
of 5% area

DP5 [0=90]22 410£ 360£ 3:56 Stepped Material removed from
one surface over 22%
area at plate center

DP6 [0=90]22 410£ 360£ 3:56 Stepped Material removed from both
surfaces over 27% area
at plate center

DP7 [0=90]8 410£ 360£ 1:73 Drop ply ——
[0=90]12 410£ 360£ 2:64

out the impact damage zone. The resulting plate specimen was
termed DP4. In the case of DP5, a 27% step change in thickness
was produced by machining out a few layers over a central area
of 235 £ 140 mm (22% of the area of the plate). This resulted in a
sudden drop in the lateral stiffness over the central area, inducing
bending and stretching coupling. After the vibration and buckling
experiments were completed on DP5, the same plate was used to
prepare DP6 by removing the material on the other surface of DP5
such that a total thickness reduction of about 60% was symmetri-
cally produced over the central area of 235£ 170 mm.

A step variation in the lateral stiffnesswas also simulatedwithout
machining of the plate by dropping plies during layup (specimen
DP7). The basic plate was a symmetric cross-ply laminate with a
total of 12 layers. Four layers at the midplane of the laminate were
dropped at the centerline perpendicular to the loading direction,
resulting in a [0=90]8 laminate in one-half of the plate.

Vibration Experiments
A � xed impulse location (usually close to the clamped end or

corner) and a variable accelerometerpositionwere used in all of the
experiments. Around 49–81 points were selected in the form of a
rectangularmesh on the plate surfaces for vibration measurements.
An odd number of grid lines along the x and y directions were
selectedto ensure the measurementsof node and antinodeoccurring
at the centerlines of the plate. The measurement mesh was chosen
to be � ner near the edges than at the center. About 10–12 modes
were included in the modal analysis,which in most cases covered a
rangeof 1 kHz. The measurementsin this rangewere usuallycarried
out at all points over more than one frequencyband using the zoom
facility of the FFT analyzer to improve accuracy, especially in the
case of modes with close frequencies. Vinyl tips were used in the
low-frequency range up to 200 Hz, and a Te� on tip was used in the
higher range up to 1000 Hz.

A summation averaging was used in the transfer function mea-
surement to remove noise. The number of averages was chosen
such that the transfer function was adequately smooth around a res-
onance. This was alternately monitored by the coherence function
value around the resonances;the frequency response functionswith
coherenceabove0.9 were accepted.The transfer functiondata were
processed by the SDOF circle � t method for obtaining the natural
frequenciesand mode shapes.This was found to be accurateenough
for the type of plate structures tested.

Buckling Experiments
All of the buckling tests were carried out under position control

mode on the Instron 8500 universaltesting machine. Figure 2 shows
the experimentalsetup. The plate specimen DP1 with delamination

Fig. 2 Experimental setup for plate buckling tests.

can also be seen clamped in the support and loading frame in Fig. 2.
Measurementswere made of the transverseand axial displacements
and strains at various loads. Transverse de� ections were measured
using dial gauges with 0.01-mm accuracy that were located at three
points along the centerline in the loading direction (x direction).
Back-to-backstrain gauges were also bonded at these locations.At
each location, two strain gauges of 350 Ä were attached on each
surface, one in the loading direction and the other transverse to it.
In the � rst few plates, additional strain gauges were placed along
the top edge to check the uniformity of the applied load along the
y direction.A personal-computer-based strain measurement system
with 15 quarter-bridgestrain channelsand 1 load channelwas used.
Each quarter-bridgewas itselfconstructedfrom350-Ä straingauges
mountedon a thickglass/epoxyplate for temperaturecompensation.
From the measured back-to-back strains at each load, axial and
bending strains at each location were determined.

Results and Discussion
Table 2 shows the buckling loads predicted by the identi� cation

approach along with the buckling loads obtained experimentally
from the measured load-strain and load-transverse de� ection data
using the strain bifurcation and Southwell plot method. All plate
specimens, except P3 and DP2, were tested with all edges clamped.
In the case of P3 and DP2, the unloadededgeswere free.Theoretical
estimates of the buckling loads are also reported for comparison
in the case of plates without � aws. In the case of the plates with
� aws, the theoretical loads in the last column of Table 2 indicate the
bucklingloads,assumingthatnodamageis present.Thesehavebeen
given to indicate the extent of loss of buckling strength caused by
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Table 2 Comparison of plate buckling loads obtained by various methods

Strain
Southwell Identi� cation Theoreticala estimate,

plot method approach � nite element methodPlate bifurcation
specimen load, kN Load, kN Mode Load, kN Mode Load, kN Mode

P1 7.3 7.1 1 7.3 1 7.2 1
P2 4.3 4.3 2 4.2 2 4.2 1
P3b 2.1 2.5 1 2.2 1 2.3 1
P4 5.5 5.8 2 5.8 2 5.5 2
DP1 9.0 9.5 2 9.3 2 8.4 2
DP2b 2.3 2.2 1 2.3 1 2.3 1
DP3 4.8 5.0 2 4.9 2 6.2 2
DP4 4.7 4.3 2 4.3 2 6.2 2
DP5 15.8 14.9 1 15.9 1 22.1 2
DP6 7.3 7.5 2 7.6 2 22.1 2
DP7 1.9 2.1 1 2.0 1 1.9 1

aTheoretical buckling load (and mode) of corresponding undamaged plate is given in case of plate with � aws or
damage.
bTested in C-F-C-F con� guration.

m = 1; n = 1: 149.60 Hz

m = 3; n = 1: 313.50 Hz

m = 2; n = 1: 221.25 Hz

m = 4; n = 1: 436.87 Hz

Fig. 3 Measured vibration mode shapes of plate DP6.

Fig. 4 Predicted buckling mode shape of plate DP6.

the � aw and/or damage. The theoretical estimates were obtained by
� niteelementanalysisusing theSHELL99 elementofANSYS(5.3).

In describing the mode shapes of buckling in Table 2, mode 1
refers to a deformation shape with predominantly one half-wave in
each direction (m D 1 and n D 1), and mode 2 refers to the shape
with predominantlytwo half-waves in the loadingdirectionand one
in the unloaded direction (m D 2 and n D 1).

Figures 3–7 depict a few typical results of the modal measure-
ments and buckling tests carried out, from which the buckling loads
given in Table 2 are derived.Further detailsand experimentalresults
for all specimens tested are available in Ref. 4.

Plates Without Flaws or Damage
Initially, experimentswere conductedon uniform plates (without

any � aw or damage) to establish the accuracy of the prediction
and the con� dence in the applicationof the identi� cation technique
as well as to determine the number of vibration modes required.
Because only uniaxial loading was considered in this study, it was
obviousthat the bucklingmode could not have nodal lines along the

x direction.Thus, it was necessary to use only vibrationmodes with
one half-wave in the y direction, i.e., modes with n D 1, to construct
the in� uence function in the identi� cation approach.

A convergencestudywas carried out by using an increasingnum-
ber of measured modes (m D 1– 4 and n D 1) to reconstruct the � ex-
ibility in� uence function. The convergence study showed that the
use of more than three modes did not further improve the accuracy
in the estimation of the buckling load signi� cantly. It can be seen
from Table 2 that the buckling load thus predicted compares very
well with the actual load obtained experimentally, as well as the
purely theoreticalestimates, for all uniform plate specimensP1–P4.

A close examinationof the predicted buckling mode showed that
it was not symmetricalalongthe loadingdirection.This was because
the upper edge of the plate, which is also the loading edge, is not
fully constrained,as it has to have in-plane freedom to compress the
plate. To allow smooth movement of the upper horizontal post of
the � xture inside the vertical posts, small gaps have to be provided.
This means that the upper edge is not perfectlyclamped.This causes
the asymmetry in the loading direction. This asymmetry was also
evident during the buckling tests from the transverse displacement
measurements.Thus, thepredictedand theobservedmodes matched
well.

Plates with Flaws or Damage
A comparisonof the bucklingloadsof the plateswith � aws and/or

damage (DP1–DP7) in Table 2 also shows a very good correlation
between the value predicted by the identi� cation approach and the
actual loads obtained through direct tests. Three vibration modes
were used to construct the � exibility in� uence function. In most
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of the cases, although the experimental modal measurements were
carried out at around 81 points (9 £ 9 grid), the computation of
the buckling load using Eq. (4) was carried out on an extended
grid of 15 £ 13 points through interpolation of the mode shapes.
As a typical example, Fig. 3 shows some of the measured vibration
modes of the plate DP6 along with their frequencies.In comparison
with themodeshapesof uniformplatesof the samesizeand material,
the modal slopes were seen to be relatively higher at and around the
centerdue to the � exible thinnersectionwhen the mode shapeswere
normalized with respect to the maximum displacement.

The buckling mode estimated form Eq. (4) for this plate is mode
2 as shown in Fig. 4, with a critical load of 7.6 kN, which matches
with the load of 7.3 kN given by the strain bifurcation in the plots
as shown in Figs. 5a–5c. Figure 5d shows the Southwell plot based
on the measured bending strain data obtained from the back-to-
back strain gauges at the plate center, which gives the buckling
load as 7.5 kN, which also compares well. Comparing this with the
theoreticalestimateof the bucklingload (22.1kN)of the parentplate
(without considering the step reduction in thickness), the reduction
in buckling load is about 66%, and this drop has been well predicted
by the identi� cation approach.

In contrast to DP6, which has a symmetrical step reduction in
thickness, plate DP5, which has an asymmetrical step reduction in
thickness, buckles in the mode shown in Fig. 6. This asymmetry in
DP5 clearly causes the load plane to be eccentrically placed with
respect to the thinner section of this plate, thereby causing larger
displacements and bending strains at low load levels in this plate
in a predominantly mode 1 type of deformation. This is evident
from Figs. 7a–7d, which show the load-strain and load-transverse
de� ection plots. This eccentricity thus causes the plate to tend to
buckle in mode 1, even though the corresponding parent laminate
without the step reduction in thickness would buckle in mode 2 as
predicted theoretically. As a result, the buckling mode of DP5 is
intermediate between mode 1 and mode 2 deformations as shown
in Fig. 6. The predicted and actual buckling loads match well and
show a drop of about 28% with respect to the undamaged laminate.

The buckling load of the plate with delamination (DP1) does not
show any signi� cant change due to the � aws when compared with
the bucklingload of the correspondingundamagedplate.Thus, even
a 20% centralmidplanedelaminationdoes not seem to affect the lat-
eral stiffness,and this is correctly re� ected in the predictedbuckling

a) Back-to-back strains at center

b) Axial and bending strains at center

c) Strain bifurcation plot using axial strain

d) Southwell plot using bending strain

Fig. 5 Buckling test results of plate DP6.

load. In fact, the measured natural frequencies of the delaminated
plate, given in Table 3, do not show much difference with respect
to the theoretical natural frequencies of the corresponding plate
(parent) without delamination. Differences very similar to those in
Table 3 are also obtained when measured natural frequenciesof the
aluminiumplate (P1)arecomparedwith theoreticalestimates,show-
ing that these differences were due to the experimental conditions.

Similarly, a highly localized impact damage (plate DP2) does not
affect the buckling load. However, plate DP3 with the distributed
impact damage shows a 21% drop in the buckling load, which is
accuratelypredicted by the identi� cation method. A comparison of
the buckling load of plate DP4 with that of DP3 gives an assessment
of the implication of modeling such an impact damage by replacing
the damage zone by a hole, i.e., assuming the damage zone has
effectivelyno contributionto the lateral stiffness.The buckling load
of DP4 is not seen to be very different from that of DP3, showing
that such a simpli� ed approach may have some justi� cation.

Table 3 Comparison of natural frequencies
in hertz of plate with delamination (DP1)

and the corresponding plate without delamination

n D 1 n D 2

m Parent DP1 Parent DP1

1 103.35 109.10 230.23 243.75
2 193.82 182.32 297.62 312.50
3 346.61 304.86 429.88 428.15

Fig. 6 Predicted buckling mode shape of plate DP5.
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a) Back-to-back strains at center

b) Axial and bending strains at center

c) Load vs transverse de� ection (P-±) plot

d) Southwell plot using transverse de� ection at
the center

Fig. 7 Buckling test results of plate DP5.

Concluding Remarks
A system identi� cation approach to predict buckling loads of

composite laminates with � aw and/or damage, based on the recon-
struction of a � exibility in� uence coef� cient matrix of the damaged
laminate from experimentally measured natural frequencies and
mode shapes, is examined. The extensive experiments conducted
clearly show that the reconstruction of the � exibility in� uence co-
ef� cients can be accurately carried out through measured modal
vibration characteristics even under the conditions of abrupt varia-
tion in stiffness such as those resulting from impact damage, cutout,
local step changes in thickness, ply drop, and delamination.The in-
vestigationsalso show that the reduction in buckling load caused by
the damage can be accurately estimated by this approach. This has
important implicationswhere the theoreticalmodeling of laminates
with such and other damage may be dif� cult. In such cases, the
identi� cation of the model from experimental measurements may
provide a good alternative.
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